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Abstract. Potentials are constructed for the lambda-nucleon interaction in the 1S0 and
3S1
channels. These potentials are recovered from scattering phases below the inelastic threshold
through Gel’fand-Levitan-Marchenko theory. Experimental data with good statistics is not
available for lambda-nucleon scattering. This leaves theoretical scattering phases as the only
option through which the rigorous theory of quantum inverse scattering can be used in probing
the lambda-nucleon force. Using rational-function interpolations on the theoretical scattering
data, the kernels of the Gel’fand-Levitan-Marchenko integral equation become degenerate,
resulting in a closed-form solution. The new potentials restored, which are shown to be
unique through the Levinson theorem, bear the expected features of short-range repulsion and
intermediate attraction. Charge symmetry breaking, which is perceptible in the scattering
phases, is preserved in the new potentials. Through the Pauli principle, it is verified that the
lambda-nucleon force in the 1S0 channel has a stronger short-range repulsion and a stronger
intermediate attraction than in the 3S1 channel. In addition, the potentials bear certain
distinctive features whose effects on hypernuclear systems can be explored through Schro¨dinger
calculations.
Keywords: lambda-proton potential, lambda-neutron potential, hyperon-nucleon potential,
fixed-angular momentum inversion, Gel’fand-Levitan-Marchenko equation, inverse scattering
1. Introduction
The development of reliable potentials in the strangeness sectors of the baryon-baryon interaction
is of prime importance in the simulation of hypernuclei and systems with multistrangeness.
Their importance lie in the extra quantum number that hyperons (e.g. lambda, sigma or
cascade) introduce into nuclear systems. In the single strangeness sector, hyperon-nucleon
potentials are required as input in all simulations of hypernuclei. The nonzero strangeness
quantum number of hyperons allows hypernuclei to occupy quantum states that would be Pauli-
forbidden if they contained only nucleons. Hence, these hyperons can be seen as probes for
such genuine hypernuclear states. Furthermore, some important phenomena within hypernuclei
require reliable hyperon-nucleon potentials for a clearer understanding. Examples of such
phenomena include the nonmesonic decay of hyperons in light hypernuclei and the reduction of
nuclear size arising from the glue effect of hyperons. Finally, these interactions are required in
simulations of astrophysical objects with multistrangeness, for example the high-density core of
a neutron star.
In early helium bubble-chamber experiments and recent emulsion experiments, a large number
of lambda hypernuclei have been observed, compared to just one or two sigma and cascade (xi)
hypernuclei [1, 2]. As a result of this large number of lambda hypernuclei, the lambda-nucleon
interaction has received considerable attention over the years. Commonly used lambda-nucleon
potentials are derived from meson-exchange theory [3–9] and quark theories [10–12]. There
are also potentials that are based entirely on Quantum Chromodynamics, for example, Chiral
Effective Field Theory [13–15]. These potentials have been used in calculations to compute a
some important properties. These properties include the binding energy of a lambda hypertriton,
the lifetime of a lambda hypertriton, and the lambda separation energies of isospin multiplets. In
some cases, charge symmetry breaking and lambda-sigma conversion, which are very important
in the lambda-nucleon force, were also tested. Differences, both small and significant, were
observed between some of these computations and experimental observations. For example,
the computed lifetimes of the lambda hypertriton using existing lambda-nucleon potentials are
about 30 - 50% longer [16] than the recently observed values [17]. This kind of significant
differences point to the fact that much effort is still needed in understanding the lambda-nucleon
force. All of this effort is currently invested in improving the application of particle-exchange
theories and Quantum Chromodynamics theories on the lambda-nucleon force. In this paper,
the approach is to probe the lambda-nucleon force through an existing theory, quantum inverse
scattering, that has never been applied in this sector of the baryon-baryon force. The aim of
the paper is to construct new lambda-neutron and lambda-proton potentials through Gel’fand-
Levitan-Marchenko theory [18–20], which is based on quantum inverse scattering at fixed angular
momentum.
The rest of the paper has the following organisation: Sections 2 and 3 carry a brief outline
of quantum inverse scattering and Gel’fand-Levitan-Marchenko theory, respectively. Section 4
presents an interpolation technique for scattering matrix, which is important for the separability
of the kernels appearing in the Gel’fand-Levitan-Marchenko integral equations. Sections 5, 6
and 7 discuss the properties of the lambda-nucleon scattering matrix. Section 8 carries the
results of the application of Gel’fand-Levitan-Marchenko theory to lambda-nucleon scattering.
Concluding remarks are presented in section 9.
2. Quantum inverse scattering
The recovery of a Sturm-Liouville operator from its spectral properties is a problem that
arises in many contexts within the mathematical sciences. Developments on the theory of
inverse Sturm-Liouville problems were pioneered in the 1940s by Borg [21,22] and Povzner [23].
Applications of this theory to quantum scattering emerged later through the work of Levitan [24],
Bargmann [25, 26] and Levinson [27, 28], among others. In quantum scattering, this problem
arises in the restoration of the Schro¨dinger operator from observed scattering data. For cases
with spherical symmetry, the inverse scattering problem is an inverse Sturm-Liouville problem
for the Schro¨dinger operator on the half-line [29]:
L(ℓ)ψ = Eψ, 0 < r ≤ ∞ (1)
where
L(ℓ) = −
d2
dr2
+ V (r) +
ℓ(ℓ+ 1)
r2
(2)
ψ is the radial wavefunction, ℓ is the orbital angular momentum number and V (r) is the
potential. The system of units used is such that ~/2µ = 1, where µ is the reduced mass of the
system. In these units, the energy is given by E = k2 and the momentum by ~p = ~k, where ~k is
the wavevector. The aim of this study is to recover the operator L(ℓ) from available scattering
phases, δℓ(k). This is carried out for V (r) being lambda-proton and lambda-neutron potentials.
3. Gel’fand-Levitan-Marchenko theory
Transformation operators for solutions of the Schro¨dinger equation play a central role in
inverse scattering theory. Originally developed by Delsarte [30, 31] in shift operator theory,
transformation operators were introduced in inverse scattering theory by Marchenko [18,32]. The
application of these transformation operators on the solutions of the Schro¨dinger equation results
in a Povzner-Levitan integral representation for these solutions [23, 24]. From the Povzner-
Levitan representation for the Jost solutions, one arrives at the single-channel Gel’fand-Levitan-
Marchenko (GLM) equation [19,20]:
Kℓ(r, r
′) +Aℓ(r, r
′) +
∫
∞
r
Kℓ(r, s)Aℓ(s, r
′)ds = 0, r ≤ r′ (3)
where Kℓ(r, r
′) and Aℓ(r, r
′) are the kernels of the integral equation. Kℓ(r, r
′) is related to the
potential V (r) through a hyperbolic differential equation [33,34]. Aℓ(r, r
′) is computed from the
continuum and discrete spectra as follows [35–38]:
Aℓ(r, r
′) =
1
2π
∫
∞
−∞
ω+ℓ (k, r) {1− Sℓ(k)}ω
+
ℓ (k, r
′)dk +
nℓ∑
i=1
Miω
+
ℓ (k, r)ω
+
ℓ (k, r
′) (4)
where Sℓ(k) is the scattering matrix, ω
+
ℓ (k, r) are outgoing Ricatti-Hankel functions, nℓ is the
number of bound states and Mi are norming constants for the bound states. The first term
in Equation (4) is the contribution from the positive eigenvalues (continuum spectrum) of the
Schro¨dinger operator while the second term is the contribution from the negative eigenvalues
(discrete spectrum). Generally, there is no guiding physical law for choosing the norming
constants Mi for each bound state. Therefore, in cases where there are negative eigenvalues, this
means instead of a unique potential, one ends up with a set of phase-equivalent potentials [39],
which may even be isospectral [28]. A unique potential can only be obtained from GLM theory
if there are no negative eigenvalues.
The GLM equation is solved to obtain the output kernel Kℓ(r, r
′). From the boundary
conditions for the Goursat problem satisfied by Kℓ(r, r
′) [29,33], the potential Vℓ(r) is obtained
from the diagonal entries in Kℓ(r, r
′), i.e.
−2
d
dr
Kℓ(r, r) = Vℓ(r) (5)
The separability of the kernels Kℓ(r, r
′) and Aℓ(r, r
′) determine whether the GLM will have a
closed-form solution or a numerical scheme is needed. In the following section, the properties of
the scattering matrix and how they affect the separability of these kernels are discussed. From
this point going forward, the discussion shall be restricted to the case ℓ = 0 (the s-waves), which
is of interest in this paper.
4. Separability of the kernels
In an integral equation, if the kernels are separable, the equation has an exact solution. In order
to achieve separability, the scattering matrix is interpolated by a suitable function S˜0(k). From
Bargmann rational-function representations of the Jost function [25], the scattering matrix can
be approximated as follows [40–42]:
S˜0(k) =
N∏
n=1
(
k + α0n
k − α0n
)(
k − β0n
k + β0n
)
(6)
where α0n and β
0
n are complex numbers representing the zeros and poles of the Jost functions.
For uniformity, one may use the same symbol, a0m, to represent all the α
0
n’s and β
0
n’s. The
approximation therefore takes the follow simple form [40–42]:
S˜0(k) =
M∏
m=1
k + a0m
k − a0m
, where M = 2N (7)
The constants a0m(m = 1, ...,M) are complex numbers. In the available scattering data, the
momenta, k, are real. The rational function representation of the scattering matrix in Equation
(7) ensures an analytic continuation of the domain to complex momenta i.e. k = x + iy,
where x and y are real, with i2 = −1. The constants a0m are estimated by rewriting the
rational function in Equation (7) as a Pade´ approximation of order [M/M ] [40–42]. M points
(kj , S0(kj)) are selected from the original scattering matrix data S0(k) and substituted into the
Pade´ approximation, resulting in a linear system, as shown in [43].
The rational-function interpolation for the scattering matrix causes both kernels of the GLM
integral equation to become separable. With these separable kernels, there is no need for
quadrature as an exact solution can be found for the GLM equation. This solution is outlined
in [43–45]. Another advantage of S˜0(k) is that it can be used over a wider momentum range
than that covered by the scattering data, S0(k). In the following sections, single-channel GLM
theory, as outlined up to this point, is applied to lambda-nucleon scattering.
5. Theoretical lambda-nucleon scattering data below threshold
In the kinematics of lambda-nucleon scattering experiments, free Λ hyperons are usually used
as projectiles. These experiments are very difficult to perform due to the very short lifetime of
hyperons, which is about 2.63 × 10−10 seconds [46]. The reverse kinematics is also difficult for
the same reason. Of interest in this paper is elastic scattering, for which the number of particles
is conserved. In elastic scattering, both the Λ and the nucleon emerge in final quantum states
that are the same as their initial states:
Λ + p→ Λ+ p (8)
Λ + n→ Λ+ n (9)
Whereas the nucleon-nucleon scattering database has about 4000 data points, the lambda-
nucleon database has only about 40 data points. No experiment on hyperon-hyperon scattering
has ever been reported. In addition to the low number of data points, some of the hyperon-
nucleon data sets have large error bars. Furthermore, the number of lambda-nucleon scattering
events is too low for any decent application of quantum inverse scattering theory. As a result
of the limited experimental scattering data, one therefore has to resort to using theoretical or
simulated data, in order to use the powerful theory of quantum inversion to probe the lambda-
nucleon force. The use of theoretical data played a very instrumental role in understanding
the nucleon-nucleon interaction. For example, in phase shifts computed from the Reid soft core
potential were used in restoring the nucleon-nucleon potential [45].
In this paper, theoretical 1S0 and
3S1 phase shifts computed by the Nijmegen group are used
in GLM theory [47]. These Λp and Λn phase shifts, which were computed using the NSC97f
potential [48], are shown in Figures 1a and 1b, respectively. From this theoretical data, the
inelastic threshold for Λp scattering is observed to be 640 MeV while that for Λn scattering is
650 MeV. This Λp threshold is almost the same as that observed in experiments, for example [49].
No Λn experimental scattering data has been reported. The scattering phases used in this work
cover the momentum range up 500 MeV, which is below the inelastic threshold. Since there is
no loss of flux due to inelastic channels, the phase shifts have no imaginary part.
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Figure 1: Lambda-nucleon phase shifts below the inelastic threshold. The difference between
the Λp and Λn scattering phases is barely noticeable because of the very small mass difference
between a proton and neutron.
6. Levinson theorem
In preparation for solving the GLM equation, the Levinson theorem was used to examine the
scattering phases in Figure 1, in order to determine if there are any bound states. For scattering
by a short-ranged potential with spherical symmetry, the Levinson theorem states that the
number of bound states supported by the potential at this partial wave and the phase shift,
δℓ(k), at zero energy and at infinite energy are related by
δℓ(0) − δℓ(∞) =
πnℓ
2ℓ+ 1
(10)
The constant nℓ is the number of bound states. For ℓ = 0, the Levinson theorem is stated
δ0(0) − δ0(∞) = πnℓ.
In Figure 1, it can be observed that δ0(k) → 0 as k → 0 for all the phase shifts. The
behaviour of the phase shift at infinity can be inferred from the nature of the potentials. The
scattering theory applied in this paper is valid for bounded potentials i.e. potentials that vanish
faster than r−2. The scattering matrix must therefore behave in such a way that S0(k) → 1 as
k → ∞. Or, equivalently, the phase shift must vanish at very high momenta i.e. δ0(k) → 0 as
k →∞. Therefore, based on the application of the Levinson theorem on these phase shifts, the
lambda-nucleon potentials do not support any bound states.
7. Distribution of the poles of the scattering matrix approximation
The scattering phases are related to the partial-wave scattering matrix through the relation
Sℓ(k) = ηℓexp(2iδℓ(k)). For a single-channel problem, ηℓ = 1 below the inelastic threshold, and
the scattering matrix is unitary.
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Figure 2: Distribution of poles in Λp scattering matrix approximation.
The scattering phases in the Section 5 were used to compute scattering matrices through the
relation S0(k) = exp(2iδ0(k)). Next, the approximation in Equation (7) was used to compute
S˜0(k). In the numerical method used in estimating the M constants a
0
m, as described in [41,42],
values ofM ∈ [4, 20] are known to give sufficient accuracy for any practical applications [45]. For
example, in Coz et al. [34] M = 6 poles were used for experimental neutron-proton scattering
data. Rakityansky et al. [42] found a good fit for nucleon-nucleon scattering data with M = 10
poles. In [45], M = 8 or M = 12 per 23 data points was used, while M = 20 was used in [43].
The scattering matrix is directly related to the effective range function, Rℓ(k
2) = k2ℓ+1 cot δℓ(k),
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Figure 3: Distribution of poles in Λn scattering matrix approximation.
whose series expansion is not valid for very large powers of k. Therefore, arbitrarily large values
cannot be used for M as the effective range function may no longer be valid.
For the approximation applied here, twenty poles (M = 20) were used for S˜0(k). This number
of poles has been shown to accurately constrain scattering phases with similar behaviour, for
example in [43,50]. The distribution of these poles in the complex momentum plane are shown
in Figures 2 and 3. It can be observed that the poles either lie on the imaginary axis (x = 0)
or they have a symmetrical distribution about the imaginary axis. This is a confirmation of
the unitarity of S˜0(k), a known property of S0(k) for subthreshold scattering [44]. Unitarity
of the scattering matrix is a required condition for quantum inverse theory below the inelastic
threshold.
The poles of the scattering matrix carry information about the presence of bound states and
resonances. As shown in the previous section through the Levinson Theorem, no bound states
are supported by the lambda-nucleon potential. This leaves only the resonances, which can
be investigated using the poles presented in Figures 2 and 3. Since Equation (7) is not a true
factorisation of the scattering matrix into the Jost functions, not all these poles are spectral
points. Some of these poles are true poles of the original scattering matrix while others are
spurious poles [42]. Therefore, before resonances can be investigated, the true poles must be
separated from the spurious poles. This is a subject that can be attended to as a separate
project. For purposes of using these poles in solving the GLM equation, the difference between
true poles and spurious poles is insignificant.
8. Results and discussion
8.1. Spin-dependent potentials
Single-channel GLM theory was applied to the scattering phases from the Section 5. Using
S˜0(k), the integral in Equation (4) for the input kernel is computed through the Cauchy Residue
Theorem as shown in [45, 51]. The GLM equation is solved as outlined in [43, 45, 50, 51]. The
potentials obtained for the Λp interaction are shown in Figures 4(a) and 4(b), while those for
the Λn interaction are shown in Figures 5(a) and 5(b).
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Figure 4: Λp potentials from GLM theory. The 1S0 and
3S1 attraction depths are -41.96 MeV
and -13.28 MeV, respectively.
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Figure 5: Λn potentials from GLM theory. The 1S0 and
3S1 attraction depths are -33.45 MeV
and -11.87 MeV, respectively.
Observation of the results reveals that these new potentials bear the features of short-
range repulsion and intermediate attraction, which is a known behaviour of the baryon-baryon
interaction. A small repulsion barrier is also noticeable in the region 0.55 − 1.00 fm. Worthy
of note in these potentials is that the strongest attraction occurs at a smaller radial distance
when compared with other lambda-nucleon potentials, for example the simulation of the NSC97f
potential in [52].
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Figure 6: Λp phase equivalence between NSC1997f and GLM theory potentials.
0 50 100 150 200 250 300 350 400
k (MeV)
0
5
10
15
20
25
30
35
40
δ 0
(k
) 
(d
e
g
)
Λn(1S0) NSC1997f
Λn(1S0) GLM theory
(a)
0 50 100 150 200 250 300 350 400
k (MeV)
0
8
16
24
32
40
δ 0
(k
) 
(d
e
g
)
Λn(3S1) NSC1997f
Λn(3S1) GLM theory
(b)
Figure 7: Λn phase equivalence between NSC1997f and GLM theory potentials.
The ΛN(1S0) potential has a stronger intermediate attraction than the ΛN(
3S1) potential, a
result which is already known for interacting fermions. In the ΛN(1S0) state, the lambda and
nucleon spins are always antiparallel, and as a consequence of the Pauli Exclusion Principle,
the spatial wavefunction must be symmetric. Therefore, in the ΛN(1S0) state the lambda and
nucleon are on average closer together than in ΛN(3S1) states, where the spatial wavefunction
is sometimes antisymmetric. The Pauli effect is also manifested in the short-range repulsion and
the small repulsion barrier, which are both stronger in ΛN(1S0) than in ΛN(
3S1). This result
for the short-range repulsion in the ΛN(3S1) channels is a correction on the earlier application
of GLM theory to the lambda-nucleon force, presented in [53].
The Λp potential is slightly more attractive than the Λn potential, in both the 1S0 and
3S1
channels. This is a feature which is known to arise from charge symmetry breaking in the
lambda-nucleon force. The proton is constituted by two up quarks and one down quark (uud),
the neutron by one up quark and two down quarks (udd). Due to the fact that the down quark
is heavier than the up quark, coupled with the dynamics of quark-quark interactions inside
hadrons, the neutron has a slightly higher mass than the proton. This difference, which is
perceptible in the scattering phases, is the origin of the difference in strengths observed in the
GLM theory potentials presented. Charge symmetry breaking is a well-known property of the
lambda-nucleon force [54–56].
As a test to validate this application of GLM theory, phase shifts are computed from the
new potentials and compared with the original phase shifts from the NSC1997f potential.
Comparison of these phase shifts are shown in Figures 6 and 7. It can be seEn that the potentials
constructed through GLM theory are phase equivalent to the original NSC1997f potentials.
Phase equivalence and the property of unitarity in S˜0(k), as verified in Section 7, are important
checks on the accuracy of the application of GLM theory.
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Figure 8: Spin-averaged (effective) Λp two-body potential. The spin average is computed as
the sum of one-quarter of the singlet channel potential and three-quarters of the triplet channel
potential in the Λp interaction.
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Figure 9: Spin-averaged (effective) Λn two-body potential. The spin average is computed as
the sum of one-quarter of the singlet channel potential and three-quarters of the triplet channel
potential in the Λn interaction.
8.2. Effective potentials: spin-averaging across channels
The total spin in a lambda-proton pair is either 0 or 1. When the total spin is 0, the spin
multiplicity is 1 i.e. a singlet state, with a spin projection quantum number of 0. However,
when the total spin is 1, the spin multiplicity is 3, implying a triplet of degenerate states with
projection quantum numbers -1, 0 and +1. Therefore, in a lambda-proton interaction the pair
has a 1/4 probability of being in a singlet state and a 3/4 probability of being in a triplet state.
Thus, the effective lambda-proton two-body potential, VΛp, is given by [57,58]
VΛp =
1
4
VΛp(
1S0) +
3
4
VΛp(
3S1) (11)
By a similar procedure, the effective lambda-neutron two-body potential, VΛn, is obtained as
follows:
VΛn =
1
4
VΛn(
1S0) +
3
4
VΛn(
3S1) (12)
This spin-averaging scheme was applied to the potentials from GLM theory. The resulting
effective two-body potentials are shown in Figures 8 and 9. The attraction depth in the effective
lambda-proton potential is -19.00 MeV while that of the lambda-neutron potential is -16.80
MeV. As discussed earlier, this stronger attraction in the lambda-proton potential is the result
of charge symmetry breaking in the lambda-nucleon force.
9. Conclusions
In this paper, new lambda-proton and lambda-neutron potentials have been recovered from
scattering data below the inelastic threshold through Gel’fand-Levitan-Marchenko theory.
The general features of a baryon-baryon interaction, short range repulsion and intermediate
attraction, are built into these potentials. These potentials have the important properties of
being energy independent and unique to the scattering phases used. The feature of energy
independence makes them ideal for calculations over a range of energies in the low-energy regime.
Furthermore, charge symmetry breaking that is discernible in the lambda-nucleon scattering
data is preserved in the new potentials: the lambda-proton force is slightly more attractive than
the lambda-neutron force. This effortless inclusion of charge symmetry breaking in quantum
inverse scattering theory is an advantage, when compared with other theories where separate
elaborate schemes must be implemented. In inverse scattering, only accurate scattering data
with good statistics is needed. In summary, the new potentials presented in this paper are energy-
independent and conform to charge symmetry breaking, in addition to being spin-dependent.
Definitive assessments of these potentials can be made through few-body calculations on lambda
hypernuclei.
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